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Chapter 1
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This paper starts with a brief historical overview of pairing in nu-
clei, which fulfills the purpose of properly framing the main subject.
This concerns the pairing properties of a realistic shell-model effective
interaction which has proved very successful in describing nuclei around
doubly magic 132Sn. We focus attention on the two nuclei 134Te and
134Sn with two valence protons and neutrons, respectively. Our study
brings out the key role of one particle-one hole excitations in producing a
significant difference between proton and neutron pairing in this region.
1. Introduction and brief historical overview
The concept of pairing has been a key concept in nuclear physics over
the past six decades. As a matter of fact, this concept was the ba-
sis for the famous coupling rules of the Mayer-Jensen shell model [1;
2]. It was not until the end of 1950s, however, that the way to a quantitative
study of pairing in nuclei was open. As is well known, the starting point was
the analogy [3] between the energy gap in the electronic excitation of super-
conductors and that existing in the intrinsic excitation spectrum of nuclei.
This suggested that the methods developed in the theory of superconductiv-
ity in the biennium 1957-1958 [4; 5; 6] could be profitably applied to describe
1
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pairing effects in nuclear structure. The first studies along these lines [7;
8] proved to be quite successful and since then a vast literature has accumu-
lated on the subject of pairing in nuclear systems. Roughly speaking, this
has developed along two directions. On the one side, the focus has been
placed on the pairing force itself, including efforts to devise many-body
techniques to go beyond the BCS approximation. On the other side, the
pairing properties of both finite nuclei and nuclear matter and their expla-
nation in terms of effective nuclear interactions have been the main subject
of investigation. To put the content of the present paper into its proper
perspective, in this Introduction we will briefly touch on both the above
lines of research. A detailed review of developments in the field through
2003 is given in Ref. [9].
For many years the most widely used approach to the treatment of
pairing correlations in nuclei has remained the BCS theory, mainly because
of its computational simplicity. Much work, however, has been done to
remedy the problem of particle-number violation which may be quite serious
in finite systems. In this respect, one may say that this severe drawback
of the BCS theory has been a merit on disguise, since it has stimulated
the development of several number-conserving approaches to the pairing
problem. An historical overview of the early efforts to improve on the
BCS approximation is of course well beyond the scope of this paper. A
concise account of the various developments including references through
1985 can be found in Ref. [10], where an equations-of-motion approach
to the pairing problem was proposed. Studies of both even and odd Ni
[11] and Sn isotopes [12] evidenced the remarkably good accuracy of this
method as compared to that of the standard BCS approximation. In this
regard, a word of caution is still in order nowadays when using the latter
approximation in nuclear many-body problems.
While a simple pairing force is able to reproduce remarkably well some
nuclear properties (see for instance Refs. [13; 14]), it was clear from the
beginning that it is inadequate for detailed quantitative studies. In fact,
already in the early calculations of Ref. [8] the shell-model effective inter-
action was taken to be a pairing plus quadrupole force. In this connection,
it is worth noting that in most of the work aimed at improving on the BCS
theory the study of the pairing model has been considered as a first step
toward the treatment of more realistic interactions. This is indeed the case
of the equations-of-motion method of Ref. [10], which was further devel-
oped later [12] to treat a general Hamiltonian within the framework of the
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seniority scheme. For systems of like nucleons this scheme is particularly
appropriate just because of the key role played by the pairing component
of the nuclear force.
Since the early 1960s through the mid 1990s a large number of shell-
model calculations have been carried out employing a variety of two-body
effective interactions. These have gone from the so-called “schematic in-
teractions”, like the above mentioned pairing plus quadrupole, which give
an oversimplified representation of the real potential, to more complete in-
teractions including operatorial terms consistent with those present in the
interaction between free nucleons. Clearly, in the latter the pairing force
does not appear explicitely, but manifests its importance through the J = 0
matrix elements. One may then speak about “the pairing properties” of
the shell-model effective interaction.
In the last two decades great progress has been made [15] in the deriva-
tion of effective interactions from realistic free nucleon-nucleon potentials.
These interactions, that contain no free parameters, have been very suc-
cessful in application providing an accurate description of nuclear structure
properties in many cases [15]. Based on these results, in the last few years
the use of realistic effective interactions has been rapidly gaining ground
in nuclear structure theory. In this context, it is clearly of great relevance
to investigate their pairing properties and try to find out what is their mi-
croscopic origin. The purpose of the present paper is just to discuss this
problem.
We first give a brief sketch of our approach to the derivation of the shell-
model effective interaction from the free nucleon-nucleon (NN) potential.
We then examine the pairing properties of the bare and effective two-body
interaction, focusing attention on the role of core polarization in nuclei with
like valence nucleons in the 132Sn region.
2. Outline of theoretical framework
As mentioned in the Introduction, this paper is concerned with the pairing
properties of shell-model effective interactions derived microscopically from
the NN potential. For the sake of completeness, we give here an outline of
the essentials of this derivation. A detailed description including references
to original literature can be found in the review paper [15].
The Schro¨dinger equation for a system of A nucleons interacting via
two-body forces can be written
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HΨi = (H0 +H1)Ψi = EiΨi, (1)
where
H0 = T + U (2)
and
H1 = VNN − U, (3)
T being the kinetic energy and U an auxiliary potential introduced to de-
fine a convenient single-particle basis. The effective interaction Veff acting
only within a reduced model space is then defined through the eigenvalue
problem
PHeffP |Ψα〉 = P (H0 + Veff)P |Ψα〉 = EαPΨα, (4)
where the Eα and the corresponding Ψα are a subset of the eigenvalues and
eigenfunctions of the original Hamiltonian defined in the complete Hilbert
space. The P operator projects onto the chosen model space, which is
defined in terms of the eigenvectors of the unperturbed Hamiltonian H0.
A well-established approach to the derivation of realistic effective inter-
actions from the free NN potential VNN is provided by the Qˆ-box folded-
diagram expansion [15]. In our calculations, we have used as initial in-
put the CD-Bonn potential [16]. The existence of a strong repulsive core,
however, makes this potential unsuitable for perturbative calculations and
hence requires a renormalization procedure. This we do through use of
the Vlow−k approach [17], which has proved to be an advantageous alter-
native to the traditional Brueckner G-matrix method. More precisely, we
construct a smooth low-momentum potential, Vlow−k, by integrating out
the high-momentum modes of VNN down to a cutoff momentum Λ. This
integration is carried out with the requirement that the deuteron binding
energy and phase shifts of VNN up to Λ are preserved by Vlow−k.
Once the Vlow−k is obtained, we use it, plus the Coulomb force for pro-
tons, as input interaction for the derivation of Veff . The calculation of the
Qˆ-box , which is a sum of irreducible valence-linked diagrams, is performed
at second order in the interaction. That is to say, we include four two body
terms: the Vlow−k, the two core polarization diagrams V1p1h and V2p2h, cor-
responding to one particle-one hole and two particle-two hole excitations,
and a ladder diagram accounting for excluded configurations above the cho-
sen model space. The shell-model effective interaction is finally obtained by
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summing up the Qˆ-box folded diagram series using the Lee-Suzuki iteration
method [18].
In this paper, we present results of realistic shell-model calculations
wherein doubly magic 132Sn is assumed to be a closed core. We let the
valence protons occupy the five levels 0g7/2, 1d5/2, 1d3/2, 2s1/2, and 0h11/2
of the 50-82 shell, while for neutrons the model space includes the six lev-
els 0h9/2, 1f7/2, 1f5/2, 2p3/2, 2p1/2, and 0i13/2 of the 82-126 shell. As
regards the choice of single-proton and -neutron energies, they have been
taken from experiment. The adopted values are reported in [19] and [20]
for protons and neutrons, respectively. As mentioned above, the two-body
effective interaction has been derived from the CD-Bonn potential renor-
malized through the Vlow−k procedure. Details on the derivation can be
found in [20].
Before closing this section, one more remark is in order. As is well
known, there is no unique VNN . Rather, there are several high-quality
potentials which fit equally well (χ2/datum ≈ 1) the NN scattering data
up to the inelastic threshold, namely they are phase-shift equivalent. This
may raise the question of how much nuclear structure results may depend
on the choice of the NN potential one starts with. A detailed description
of the derivation of Vlow−k from VNN as well as a discussion of its main
features can be found in [15; 17]. We only want to point out here that the
use of Vlow−k largely reduces the ambiguity in the choice of VNN . In fact,
we have verified [15] that shell-model effective interactions derived from
phase-shift equivalent NN potentials through the Vlow−k approach lead to
very similar results. In other words, Vlow−k gives an approximately unique
representation of the NN potential.
3. Realistic effective interaction and pairing properties in
the 132Sn region: the two valence-particle nuclei 134Te
and 134Sn
We have investigated the pairing properties of a realistic effective inter-
action constructed for the 132Sn region, focusing on the two nuclei 134Te
and 134Sn. These nuclei, with two valence protons and neutrons, respec-
tively, allow a direct study of the main features of the proton-proton and
neutron-neutron interaction in the presence of the same closed core. This
is particularly interesting because the available experimental data have ev-
idenced a large difference between proton and neutron energy gaps. More
precisely, while the first 2+ state in 134Te lies at 1.28 MeV, the excitation
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energy of this state in 134Sn drops to 726 keV, making it the lowest first-
excited 2+ level observed in a semi-magic even-even nucleus over the whole
chart of nuclides.
This, as well as other peculiar features (see for instance Ref. [21]) of
nuclear structure in the 132Sn region for N > 82, has tended to support
the idea that the neutron excess produces a quenching of the N = 82 shell
closure, in contrast with the interpretation [22; 23] based on a reduction of
the neutron pairing above the N = 82 shell. Evidence for a shell quenching
was also considered a first mass measurement of 134Sn [24], which casted
doubt on the doubly magic nature of 132Sn. However, a high-precision
Penning trap mass measurement [25] has revealed a 0.5 MeV discrepancy
with respect to the previous measurement, which restores the neutron-shell
gap at N = 82.
Nuclei around 132Sn, below and above N = 82, have been the subject
of several realistic shell-model calculations ([15] and references therein, [20;
26]) which have yielded very good agreement with experiment without in-
voking any shell-structure modification. In particular, the properties of
134Te, which exhibits a “normal” proton pairing, as well as those of 134Sn
with a weak neutron pairing, are well described by our realistic effective
interaction, as is seen in Fig. 1, where the experimental energies of the
first three excited levels are compared with the calculated ones. Especially
worthy of note is that the energy of the 2+ state in both nuclei, namely
the proton and neutron gap, is remarkably well reproduced. This clearly
means that our effective interaction possesses good pairing properties.
0.0
0.5
1.0
1.5
E
(M
eV
)
(a)
Expt. Calc.
134Sn
0
+
2
+
4+
6
+
0
+
2
+
4
+
6+
0.0
0.5
1.0
1.5
E
(M
eV
)
(b)
Expt. Calc.
134Te
0
+
2+
4
+
6+
0
+
2
+
4+
6+
Fig. 1. Experimental and calculated spectrum of 134Sn (a) and 134Te (b).
As discussed in the previous section, we know, however, that a realistic
effective interaction is obtained from the nucleon-nucleon potential through
a perturbation procedure which takes microscopically into account core
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polarization effects and excluded configurations above the model space. It
is therefore highly interesting to investigate the mechanism that lies behind
its pairing properties.
In the following we shall try to go deeper into this subject. However,
before doing this two comments are in order. First, all states reported in
Figs. 1 have a weak configuration mixing. More precisely, the ground state
as well as the three excited states are dominated by the (pig7/2)
2 configu-
ration in 134Te while by the (νf7/2)
2 configuration in 134Sn. This makes it
possible to only focus our attention on the matrix elements involving these
two configurations.
The second comment concerns the Coulomb energy. As mentioned in
Sec. 2, our effective interaction includes the Coulomb force which is added
directly to Vlow−k before calculating the diagrams composing the Qˆ-box.
Since we are interested in the pairing properties of the nucleon-nucleon
force in the nuclear medium, from now on we shall consider an effective
interaction derived without inclusion of the Coulomb force. We only men-
tion here that the Coulomb force affects the matrix elements of the effective
interaction we are interested in by a quantity that ranges from about 150
to 250 keV. The largest contributions come from the bare Coulomb force,
namely from first-order diagrams, while second-order and folded diagrams
are generally quite small.
Fig. 2. Matrix elements of Veff , Vlow−k, and V1p1h for the (νf7/2)
2 (a) and (pig7/2)
2
(b) configuration.
In Fig. 2 we show the matrix elements of Veff , Vlow−k, and V1p1h for
the (νf7/2)
2 and (pig7/2)
2 configurations. Note that in the analysis of Veff
we consider only 1p1h contributions, because the other diagrams play a
minor role in our discussion. From Fig. 2(a) we see that the behavior
of Veff as a function of the angular momentum is similar to that of the
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bare Vlow−k interaction, the latter being only slightly modified by the 1p1h
contributions. The V1p1h curve is in fact almost flat around 0 MeV, showing
a non negligible decrease only for Jpi = 0+. Actually, the Jpi = 0+ matrix
element of Vlow−k, which is the most affected one by medium effects, is
shifted down by only 250 keV including all contributions. In practice, the
behavior exhibited by the (νf7/2)
2 multiplet is a direct manifestation of the
Vlow−k interaction, which is primarily responsible for the weakness of the
neutron-neutron pairing component.
The situation is just reversed when we look at the curves of Fig. 2(b)
for the (pig7/2)
2 configuration, which evidence the crucial role of the 1p1h
core polarization in determining the proton-proton pairing. In other words,
Vlow−k does not possess the right pairing properties, the J
pi = 0+ and 2+
matrix elements being almost equal and quite close to those with Jpi = 4+
and 6+. On the contrary, V1p1h has a J
pi = 0+ matrix element much larger
than those with J 6= 0, which explains the gap existing between the ground
and the 2+ states in the spectrum of 134Te.
In summary, the effective pairing interaction between two protons and
two neutrons outside 132Sn may be mainly traced to different core renor-
malizations of the Vlow−k NN potential. For protons, the dominant role is
played by the one particle-one hole excitations, which produces a sizeable
energy gap. These core excitations play instead a minor role for neutrons,
which results in a reduced neutron pairing.
Fig. 3. Matrix elements of Veff , Vlow−k, and V1p1h for the (νh9/2)
2 (a) and (pid5/2)
2
(b) configuration.
In the above context, it is worth noting that the proton g7/2 level has
its spin-orbit partner in the lower 28-50 shell, while this is not the case
for the neutron f7/2 level, whose spin-orbit partner f5/2 lies in the same
82-126 shell. Based on this fact, we have found it interesting to perform
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the same analysis for different proton and neutron orbits. To this end, we
have considered the d5/2 level for protons and the h9/2 for neutrons, the
latter having its spin-orbit partner in the lower shell. The matrix elements
of Veff , Vlow−k, and V1p1h for the (νh9/2)
2 and (pid5/2)
2 configurations are
reported in Fig. 3.
We see that the protons have now a weak pairing while the neutrons re-
ceive a large contribution from V1p1h. This confirms the crucial role of core
polarization in determining the pairing properties of the shell-model effec-
tive interaction, especially when the two spin-orbit partners are in different
shells. In this regard, suffice it to note that the J = 0 matrix elements of
V1p1h for the configurations (pig7/2)
2 and (νh9/2)
2 are, respectively, more
than twice and more than half an order of magnitude larger than those of
Vlow−k.
Table 1. < j2; Jpi = 0+|V |j2; Jpi = 0+ >
neutron matrix elements (in MeV) for Veff ,
Vlow−k, and V1p1h. G stands for the pair-
ing constant (see text for definition).
j Veff Vlow−k V1p1h G
f7/2 -0.654 -0.403 -0.100 -0.16
p3/2 -0.524 -0.482 0.008 -0.26
h9/2 -1.114 -0.098 -0.723 -0.22
p1/2 -0.179 0.003 -0.104 -0.18
f5/2 -0.404 -0.101 -0.117 -0.13
i13/2 -0.974 -0.187 -0.464 -0.14
Table 2. < j2;Jpi = 0+|V |j2;Jpi = 0+ >
proton matrix elements (in MeV) for Veff ,
Vlow−k, and V1p1h. G stands for the pairing
constant (see text for definition).
j Veff Vlow−k V1p1h G
g7/2 -0.967 -0.248 -0.554 -0.24
d5/2 -0.705 -0.600 -0.156 -0.23
d3/2 -0.370 -0.162 -0.134 -0.18
s1/2 -0.560 -0.860 0.181 -0.56
h11/2 -1.143 -0.379 -0.759 -0.19
To conclude this section, we focus attention on the J = 0 matrix el-
ements to see how they compare with the coupling strength of a pairing
force. In Tables 1 and 2 the J = 0 diagonal matrix elements of Veff , Vlow−k,
December 6, 2018 7:36 World Scientific Review Volume - 9in x 6in 50BCS
10 T. T. S. Kuo
and V1p1h are reported for the 6 neutron orbits of the 82-126 shell and the
5 proton orbits of the 50-82 shell. The last column of both tables shows
G =< j2; Jpi = 0+|Veff |j
2; Jpi = 0+ > /(j + 1/2). We see that the proton
pairing constant is on the overall stronger than the neutron one. In fact,
the values of G for protons range from 0.18 to 0.24 MeV without consid-
ering the 0.56 MeV peak for the s1/2 orbit, while for neutrons from 0.13
to 0.26 MeV. Actually, most of these values are not far from that obtained
from the relation G ≃ 20/A, and lie within the limits deduced from empir-
ical analyses of data in the A = 132 mass region [13]. Finally, as regards
the contribution of the 1p1h core polarization, it is worth noting that the
comments made for the configurations considered above also apply to the
other configurations reported in Tables 1 and 2.
4. Summary and concluding remarks
In this paper, we have discussed the role of pairing in nuclei as it is de-
termined by a shell-model effective interaction derived from the free NN
potential without use of any adjustable parameter. To this end, we have
focused attention on the two nuclei 134Te and 134Sn which have respec-
tively two protons and two neutrons outside doubly magic 132Sn. These
nuclei are currently a subject of great interest. A peculiar feature, which
has been a matter of debate, is certainly the large difference between the
proton and neutron energy gap, the latter being about 0.5 MeV smaller
than the former.
Our effective interaction has been derived within the framework of per-
turbation theory starting from the CD Bonn NN potential, whose strong
short-range repulsion has been renormalized by means of the Vlow−k ap-
proach. This accounts remarkably well for the reduction in the neutron
pairing gap without any need of shell-structure modifications.
To try to understand the microscopic origin of the pairing component of
the NN potential in the nuclear medium, we have made a detailed analysis
of Veff . As a main result, we have evidenced the essential contribution of
the 1p1h core polarization to its pairing properties.
As recalled in the Introduction, pairing is a key concept in nuclear
physics since a long time. It is very gratifying that the great progress made
in constructing realistic effective interactions for shell-model calculations
makes now possible microscopic studies of pairing properties.
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